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Quantum gates using two-electron states of triple quantum dot
H. Sasakura∗ and S. Muto
Department of Applied Physics, Hokkaido University, N13 W8 Kitaku, Sapporo 060-8628, Japan
Quantum computation using electron spins in three coupled dot
with different size is proposed. By using the energy selectivity of both
photon assisted tunneling and spin rotation of electrons, logic gates are
realized by static and rotational magnetic field and resonant optical
pulses. Possibility of increasing the number of quantum bits using the
energy selectivity is also discussed.
Since Shor’s algorism was proposed, many stud-
ies have been carried out with a view to realize a
quantum computer. The ”computational” basis of
a quantum computer is any superposition of two
states, called ”qubit” defined as |ψ >= cos θ|0 >
+sin θeiα|1 >, corresponding to classical(0,1) bit.
Therefore, n-qubit can represent an arbitrary com-
bination of 2n informational states. It has been
pointed out, with quantum mechanical effects of a
parallel computation and interference, that an ar-
bitrary physical system is efficiently simulated by a
quantum computer.
Semiconductor quantum dots are attractive ma-
terial for the quantum computation with its dis-
crete electronic states and with its solid-state
properties. Recently, technologies concerning the
InAs/GaAs self-assembled quantum dots[1], [2] has
been greatly developed especially with its closely
stacking technique[3], [4], [5]. The InAs islands are
found to align in the growth direction, as long as
the GaAs barrier is thin enough below some 15nm,
to form a column of InAs islands. We can control
the tunneling barrier between quantum dots and
also we can control effective height of a quantum
dot by letting electronic wave function penetrat-
ing through nm-thick GaAs layers. Also, though
electrons in quantum dots especially in the excited
states are said to have short decoherence time, elec-
tron spins in quantum dots are believed to have
much longer decoherence time. With these fea-
tures in mind, we propose to use electron spins
in three coupled quantum dots with different size,
for the logic gates(one-bit rotation and controlled-
NOT)[6] which can be operated by static and ro-
tational (time-dependent) magnetic field and res-
onant optical pulses. With the different dot size,
we can use the energy selectivity of both photon
assisted tunneling and spin rotation of electrons.
Model We consider only the electronic ground
state of the quantum dot. We apply a static
magnetic field B = (0, 0, B) along the z axis.
Zeeman effect causes the spin splitting of the
electronic ground state of a quantum dot with the
energy splitting, ∆E (Fig. 1),
∆E = E(↑)− E(↓) = µBgB . (1)
Here, µB and g denote the Bohr magneton and the
effective g-factor of an electron.
According to the k·p perturbation, the effective
g-factor varies with the structure of the dot. For
example, the g-factor of a sphere of ”A” material
embedded in ”B” material is given by[7]
g(R) = g0 + [gA(E)− g0]wA
+[gB(E)−g0]wB+[gB(E)−gA(E)]V (R)f2(R) (2)
where R is the dot radius, g0 is Lande` factor(g0 ∼
2), f(r) is the real part of the spinor envelope
function, gA(E)(gB(E)) is the electron g-factor of
”A(B)” material in the bulk, V (R) is the vol-
ume of the dot and wA(wB) is
∫
drf2(r) taken
over the ”A(B)” volume. For instance, for a
GaAs/Al0.35Ga0.65As quantum dot, the effective g-
factor of an electron was calculated to vary from
-0.25 to 0.3 as the dot radius was varied from 5 nm
to 15 nm.
Electronic States Now, we consider three dots
with different sizes under a static magnetic field
B = (0, 0, B). It causes the three electronic ground
states splitted into six states, |i >k with energy,
Ei,k = Ek + (−1)iµBgkB/2. (3)
Here, k denotes the number of the three dots and
i(= 0, 1) indicates the up and down spin states of
the dot. We can make differences of the energy of
six states all different by using the size dependence
of the effective g-factor of an electron (Fig. 2). In
fact, the difference of the energy of six states are
described as,
∆Eijkl = Ei,k − Ej,l
= Ek − El
+(−1)iµBgkB/2− (−1)jµBglB/2 (4)
({i, j} ∈ {0, 1} , {k, l} ∈ {C, S, T }).
We shine the (linearly polarized) resonant light
which is resonant to the difference of the energy
of six states. In the optical transition of the elec-
tron state by the resonant light, the spin state is
conserved, (i = j). Therefore, the operator, Ciikl ,
that indicates the optical transition between elec-
tronic states confined in the k-th quantum dot and
the state in the l-th dot, is described as
Ciikl : |i >k←→ |i >l . (5)
Here, we consider a three-quantum-dots system
that has two-electrons. We only consider the
coulomb energy, U between two electrons in the
same dot and neglect the electron-electron interac-
tion otherwise. Also, we assume that U is suffi-
ciently larger than energy differences of single elec-
tron states. Therefore, we can neglect the possibil-
ities of two electrons in a single dot.
One-bit Rotation The qubit can be repre-
sented by the spin-1/2 state, |ψ >= cos θ| ↑>
+sin θeiα| ↓>, of an electron confined in a quan-
tum dot[8]. We apply a static magnetic field B
= (0, 0, B) for the zeeman splitting of the electronic
ground state (Fig. 1). In addition, we apply a
rotational magnetic field, resonant to the zeeman
splitting
Brot = B1 cosωBt. (h¯ωB = µBgB) . (6)
An inversion of qubit states, |0 > and |1 >, can be
realized by the π pulse of the rotational magnetic
field,
R|ψ > = R[cos θ|0 > +sin θeiα|1 >]
= cos θ|1 > +sin θeiα|0 > . (7)
Here, R denotes the unitary operator of the ro-
tational magnetic field. If the n-qubit system is
formed by n-dot with different sizes, we can rotate
selectively the qubit with specific Zeeman Energy.
Controlled-NOT In Fig. 2, we assign that the
left ”C” quantum dot as a control dot, the right
”T” dot as a target dot and the center ”S” dot as a
swap dot. The controlled-NOT gate is realized by
making the electron of ”T” dot tunnel to the ”S”
dot depending on the spin state of the ”C” dot, fol-
lowed by application of magnetic π pulse to the spin
of the ”T” dot. Here, we use the resonant transi-
tion by the optical pulse for the electron tunneling,
i.e. photon assisted tunneling. The operator of the
tunneling used are defined as,
C1 = C11CS , C2 = C11ST , C3 = C00ST (8)
C1 : |1 >C←→ |1 >S
C2 : |1 >S←→ |1 >T (9)
C3 : |0 >S←→ |0 >T .
Also, we can invert selectly the target bit. This uni-
tary operation is described by the rotational mag-
netic field operator, RT ,
RT : |0 >T←→ |1 >T . (10)
Details of the controlled-NOT operation are as
follows. First, we assume the initial state where
two-electrons are separately in the control dot and
target dot, and swap dot has no electron;
(α|0 >C +β|1 >C)(γ|0 >T +δ|1 >T )
α2 + β2 = 1 , γ2 + δ2 = 1 .
Second, we perform unitary operations,
CN ≡ C1C2C3RTC3C2C1, to the initial state. Fig.
3 shows the states realized by these operations.
Consequently, states of qubits of control dot and
target dot, transform as follows,
CN(α|0 >C +β|1 >C)(γ|0 >T +δ|1 >T )
= α|0 >C (γ|0 >T +δ|1 >T )
+ β|1 >C (γ|1 >T +δ|0 >T ) . (11)
This is the controlled-NOT operation, |ǫC > |ǫT >
→ |ǫC > |ǫC ⊗ ǫT >(modulo2).
Here, we discuss the advantage of the energy se-
lectivity of our model. With the energy selectiv-
ity, we can extend the model to many coupled dots
with many qubits. Let us discuss the practical use
of the selectivity by considering detuning effect on
the error factor of the gate operation. First, we
consider the simple two-level system. The flopping
frequency is described as
Ω˜ =
√
Ω2 + (ω0 − ω)2 (12)
where (ω0 − ω) and Ω denote the detuning fre-
quency and the Rabi frequency. We look for the
condition that by an π pulse of selected resonant
transition, the 2nπ transition occurs to the detuned
(non-selected) system, i.e. ,
π/Ω = 2πn/Ω˜ (n = 1, 2, 3, · · ·). (13)
Here, π/Ω is the ”switching time”(Tsw). For n = 1,
the detuning frequency, ∆, is designed to be
∆ =
√
3× Ω =
√
3× (π/Tsw) (∆ ≡ ω0 − ω) .
(14)
The faster the switching time, the larger the de-
tuning. If Tsw is 10 ps, the detuning energy, h¯∆, is
0.36 meV.
Second, we consider the three-level system, or
the ”Vee” System[9]. We require larger detuning
than the two-level system for the same maximum
probability of ”unintentional” transition. Fig. 4
shows the calculated change of 3 diagonal matrix
elements of ”Vee” System. The π pulse ends at
about 10 ps at which the ”intentional” state ”2” is
almost fully populated. The ”unintentional” state
”3” is also populated but with a probability of less
than 0.05. Here, the detuning frequency for 1 ↔
3 transition, ∆13, is set to be 2
√
3 times the Rabi
frequency of 1 ↔ 2 transition, Ω12.
Let us go back to our model. First, the one-bit
rotation gate operations at quantum dots can be
seen as assembly of two-level transitions. The Rabi
frequency is given by[10],
ΩRi = giµBB1/h¯ (15)
where gi and B1 denote the electron g-factor of i-th
dot and the amplitude of the rotational magnetic
field. The requirement for the smallest detuning is
∆ = |gi − gj|µBB/h¯ ≥
√
3ΩRi (i 6= j). (16)
There are two requirements for the optical π
pulse. First, the error caused by the difference of
the spin (such as C2 and C3 in Fig. 2) can again
be treated by the two-level system, and
||∆E00kl| − |∆E11kl|| ≥
√
3h¯Ωop. (17)
Here Ωop is the Rabi frequency of optical transi-
tions which we design by the switching time as,
π/Ωop = Tsw. The error caused by the choice of
the quantum dot (such as C1 and C2 transitions)
can be discussed by the ”Vee” System. Therefore,
the requirement is
||∆Eiikl| − |∆Eiilm|| ≥ 2
√
3h¯Ωop (18)
where i and k, l,m denote the spin and quantum
dots.
Now we consider an example of a simplified
model of InAs/GaAs quantum dots[11]. We
assume that the switching times of one operation,
RT , C1, C2 and C3, are about 10 ps and static
magnetic field, B is 10 T. We assume the parabolic
potential in the xy plane and the square well
in the z axis. Then, the spinor wave function,
us = fz × fr, is
fz =
{
Cz cos[kz] : |z| ≤ d
Cz cos[kd] exp[−κ(|z| − d)] : |z| ≥ d
fr = Clt exp[−ωltr2] : r2 = x2 + y2
k =
√
2mA(E)E/h¯
2 , ωlt = π/8dlt
, κ =
√
2mB(E)(∆Ec − E)/h¯2
where 2d and dlt denote the well width and the
lateral extension. The effective electron g-factor is
described by
gzz = g0 + g
(2)
zz (19)
g(2)zz Bz = 2
∫
dr[us(A×∇)zus](g(E)− g0)
= 2
∫
dru2s(g(E)− g0)Bz
where A denotes the vector potential. By using
conditions (17)-(19) we could show that 9 quantum
dots (5 qubits and 4 swap dots) can be controlled
selectively with error rate of less than 0.1 (Fig. 5),
(Table. I). This is not yet the optimized value.
However, it is already large enough to demonstrate
the potentiality of our model. So far we have as-
sumed that the magnetic fields and optical pulses
are specially uniform. If we can locally apply mag-
netic fields and optical pulses, the number of qubits
could be infinite.
In summary, we have proposed the simple model
of a quantum computer, using 6 levels of two-
electrons confined in the three quantum dots. The
basic ideas are 1) we neglect higher states of the
electron confined by a quantum dot except the
ground state, 2) The coulomb interaction is large
enough to avoid the double occupancy of a quan-
tum dot, 3) We use the electronic spin-1/2 state
confined by a quantum dot as the ”qubit”, 4) We
can operate the one-bit rotation to the qubit which
we aim at using the dot size dependence of the effec-
tive g-factor of the quantum dot, 5) The controlled-
NOT operation is realized by the simple combina-
tion of resonant transitions by linearly polarized
light and the rotational magnetic field. Also, we
have discussed the merit of energy selectivity of our
model for its extension to many qubit system.
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CAPTIONS
FIG. 1. Qubit using an electron spin.
FIG. 2. Optical transitions (photon assisted
tunneling), C1 − C3, and spin rotation, RT ,
used to realize the controlled-NOT.
FIG. 3. 2 electron states realized during the
controlled-NOT operation.
FIG. 4. Density matrix elements vs time for
the ”Vee” system. The 1→ 2 transition is
resonantly excited with h¯ω2 − h¯ω1 = 10 meV.
Transition has a detuning, 2
√
3Ω12 = h¯ω3
−h¯ω2 = 0.72 meV.
FIG. 5. The quantization energy, Ek, and
the zeeman energy, gkµBB, for the dot heights
chosen for the 9-dot InAs/GaAs system (B=10
T).
TABLE I. The resonant energies for optical
transitions of 9 dots in Fig. 5, showing that the
requirements (17) and (18) of the text are
satisfied.
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TABLE I
k-l ∆E00kl(meV) ∆E11kl(meV)
1-2 13.2029 12.4829
2-3 8.9224 8.2024
3-4 16.5682 15.8482
4-5 14.9201 14.2001
5-6 19.2130 18.4930
6-7 22.1300 21.4100
7-8 24.4699 23.7499
8-9 37.3454 36.6254
B 6= 0B = 0
gµBB
|1 >
|0 >
Figure 1, H. Sasakura
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Figure 3, H. Sasakura
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